Given a prime number p, a field F with char(F) = p and a positive integer n, we study the class-preserving modifications of Kato-Milne classes of decomposable differential forms. These modifications demonstrate a natural connection between differential forms and p-regular forms. A p-regular form is defined to be a homogeneous polynomial form of degree p for which there is no nonzero point where all the order p − 1 partial derivatives vanish simultaneously. We define a C p,m field to be a field over which every p-regular form of dimension greater than p m is isotropic. The main results are that for a C p,m field F, the symbol length of H 
Introduction
In this paper we study the connection between the Kato-Milne cohomology groups H n+1 p (F) over a field F with char(F) = p for some prime integer p, and homogeneous polynomial forms of degree p over F. The three main objectives of this work are:
1. Finding a number n 0 such that for any n n 0 , H 
The Kato-Milne Cohomology Groups
Given a prime number p and a field F of char(F) = p, we consider the space of absolute differential forms Ω 1 F , which is defined to be the F-vector space generated by the symbols da subject to the relations d(a + b) = da + db and d(ab) = adb + bda for any a, b ∈ F. The space of n-differential forms Ω n F for any positive integer n is then defined by the n-fold exterior power Ω There exists a well-defined group homomorphism Ω n F → Ω n F /dΩ n−1 F , the ArtinSchreier map ℘, which acts on decomposable differential forms as follows:
The group H n+1 p (F) is defined to be coker(℘). By [Kat82] , in the case of p = 2, there exists an isomorphism In the special case of p = 2 and n = 1, these cyclic p-algebras are quaternion algebras [α, β) 2,F that can be identified with their norm forms which are quadratic 2-fold Pfister forms β, α]] (see [EKM08, Corollary 12 .2 (1)]).
C m and C p,m Fields
A C m field is a field F over which every homogeneous polynomial form of degree d in more than d m variables is isotropic (i.e. has a nontrivial zero). It was suggested in [Ser94, Chapter II, Section 4.5, Exercise 3 (b)] that if F is a C m field with char(F) p then for any n m, H n+1 (F, µ ⊗n p ) = 0. This fact is known for p = 2 because of the Milnor conjecture, proven in [Voe03] . It was proven in [KM15] that for any prime p > 3, C m field F with char(F) p and n ⌈(m−2) log 2 (p) +1⌉, we have H n+1 (F, µ ⊗n p ) = 0. (The same result holds when p = 3 for n ⌈(m − 3) log 2 (3) + 3⌉.) The analogous statement for fields F with char(F) = p is that if F is a C m field then H n+1 p (F) = 0 for every n m. This is true, as stated in [Ser94, Chapter II, Section 4.5, Exercise 3 (a)] and proven explicitly in [AB10] . It follows from the fact that C m fields F have p-rank at most m, i.e. [F :
We consider a somewhat different property of fields that avoids directly bounding their p-rank. We say that a homogeneous polynomial form of degree p over F is p-regular if there is no nonzero point where all the partial derivatives of order p − 1 vanish. We denote by u p (F) the maximal dimension of an anisotropic p-regular form over F. We say F is a C p,m field if u p (F) p m . We prove that if F is C p,m then for any n ⌈(m − 1) log 2 (p)⌉ + 1, we have H 
Symbol Length in H
. . , ℓ}. We say they are separably ℓ-linked if they can be written in a similar way such that α 1 = · · · = α m and β 1,k = · · · = β m,k for all k ∈ {1, . . . , ℓ − 1}. By the identification of decomposable differential forms with quaternion algebras (when p = 2 and n = 1), cyclic p-algebras (when n = 1) and quadratic Pfister forms (when p = 2), the notions of inseparable and separable linkage coincide with the previously defined notions of separable and inseparable linkages for these objects. In [Dra75] (F) are also separably ℓ-linked. In particular, this means that if three octonion algebras share a biquadratic purely inseparable field extension of F, then they also share a quaternion subalgebra.
Fields with bounded u p -invariant
There are examples in the literature of fields with u(F) < 2 n+1 and unbounded 2-rank (see [MTW91] ). In particular, these fields are C 2,m but not C m . The following construction gives an example of a field F which is C p,0 but clearly not C 0 :
. . , λ n ) be the function field in n algebraically independent variables (n can also be ∞), and F = L sep the separable closure of L. Then F is C p,0 and not C 0 . is a nonzero 1-dimensional form. Hence ϕ(x 1 , x 2 , a 3 x 2 , . . . , a m x 2 ) is a nondiagonal 2-dimensional form of degree p. We shall explain now why this form must be isotropic: Suppose it is anisotropic. Consider the polynomial ϕ(x 1 , 1, a 3 , . . . , a m ). This is a polynomial of degree p and at least d. If its degree is smaller than p then since F is separably closed, the polynomial decomposes into linear factors over F, and then it has a root in F, which means that ϕ is isotropic. Assume the degree is p. Since it is of degree p, by [Lan02, Chapter V, Corollary 6.2] this field extension must be either separable or purely inseparable. It cannot be purely inseparable because it has a nonzero term besides the degree p and 0 terms. Therefore it must be separable, but that contradicts the fact that F is separably closed.
Proof. Clearly it is not
One can construct fields F with bounded u p (F) and infinite p-rank in the following way: Proof. This F is taken to be the compositum of the function fields of all anisotropic p-regular forms of dimension greater than M. By the previous lemma, the p-rank of F is at least r. Clearly u p (F) M.
be a field of characteristic p with p-rank r. Then for any anisotropic p-regular form
The last corollary provides examples of fields F which are C p,m by taking M = p m . The fact that if F is C m then the field of Laurent series F((λ)) over F is C m+1 does not hold for C p,m fields in general. For example, if one takes one of the fields constructed in [MTW91] 
Symbol Length and p-Regular forms
In this section we describe certain properties of p-regular forms and make a note on the symbol length of classes in p Br(F) when F is a field of characteristic p with bounded u p (F).
Let p be a prime integer and F be a field of characteristic p.
for any a 1 , . . . , a m ∈ F where c i 1 ,...,i m are constants in F. We say that ϕ is isotropic if there exists a nonzero v in V such that ϕ(v) = 0. Otherwise ϕ is anisotropic. We say ϕ is p-regular if there is no v ∈ V \ {0} for which all the order p − 1 partial derivatives of ϕ vanish. The nonexistence of such points does not depend on the choice of basis. In the special case of p = 2, this notion coincides with nonsingularity. In particular, diagonal forms of degree p over F are not p-regular. Given a homogeneous polynomial form ϕ : V → F, we can consider the scalar extension ϕ L of ϕ from F to L. Proof. By Lemma 3.1 it is enough to show that the scalar extension of N to the alge-
and can be identified with the p × p diagonal matrices with entries in F. Therefore we have
The latter is clearly p-regular. Proof. It is enough to note that the partial derivative obtained by
]). Let p be a prime integer and let F be a field with char(F) = p and finite u p (F). Then every two tensor products
Proof. It is enough to show that the homogeneous polynomial form considered in the proof of [Cha17, Theorem 3.2] is p-regular. This form ϕ is the direct sum Proof. An immediate result of the previous corollary, given that for a C p,m field F, u p (F) p m .
Symbol Length and p-Rank
By [Alb68, Chapter 7, Theorem 28], the p-rank of F is an upper bound for the symbol length of H 
is equal to the p-rank of K.
Proof. The p-rank of K in the proposition above is n by [FJ08, Chapter 2, Lemma 2.7.2]. The p-algebra D is a generic abelian crossed product with maximal (Z/pZ)
, hence it is a division algebra (see [AS78] ) and its symbol length is exactly n.
Remark 4.3. In order to construct a Galois extension satisfying the conditions of Proposition 4.2, take α 1 , . . . , α n to be algebraically independent variables over F p . Let F be the perfect closure of F p (α 1 , . . . , α n ). Then each field extension F[℘ −1 (α i )] is (Z/pZ)-Galois and as a set they are mutually linearly independent. Therefore L = F[℘ −1 (α 1 ), . . . , ℘ −1 (α n )] is a (Z/pZ) n -Galois extension of the perfect field F.
The following example presents a C m field with p-rank n such that m = 2n + 1:
Example 4.4. Let F be the perfect closure of the function field F p (α 1 , . . . , α n ) as in remark 4.3. Let K = F((β 1 )) . . . ((β n )) be the field of iterated Laurent series in n variables over F. As mentioned above, the p-rank of K is n, and the symbol length of the algebra
. . , α n ) is a C n+1 field, and hence so is its perfect closure F. Consequently, K is a C 2n+1 field.
Class-Preserving Modifications of Decomposable Differential Forms
In this section we study the class-preserving modifications of decomposable differential forms in H n+1 p (F). These modifications will be used in proving the main results of the following sections. In the special case of p = 2 they coincide with the known modifications of quadratic Pfister forms (see [AB92] ).
(c) For any i ∈ {1, . . . , n} and γ ∈ F, if β i + γ p = 0 then ω = 0. Otherwise, there exists some α ′ ∈ F such that ω = α
(e) For any distinct i, j ∈ {1, . . . , n}, if β i + β j = 0 then ω = 0. Otherwise,
Proof. Parts (a), (b) and (c) are elementary and follow immediately from the equivalent statements for cyclic p-algebras (see [Cha17, Lemma 2.2]). Part (d) follows from the linearity of logarithmic differential forms: 
To see this, notice that d(β i
By (d), it is equal to the sum of ω and the form
which is zero by (c).
Part (b) of Lemma 5.1 shows that β n can be replaced by any nonzero element represented by the p-regular form ϕ :
In the following proposition we present a p-regular form of larger dimension whose values can also alter the last slot (at the possible cost of changing some of the other inseparable slots).
Proposition 5.2. Let α ∈ F and β 1 , . . . , β n ∈ F × , and write ω = α
If there exists a nonzero v such that
Remark 5.3. To get a feel for the form (ϕ, V), note that if we set
Proof of Proposition 5.2. By induction on n. The case of n = 1 holds by the analogy to cyclic p-algebras. Assume it holds for a certain n − 1. We shall show it holds also for n. The vector space V decomposes as 
, and so
, and otherwise we have
. 
.
By Lemma 5.1 (e), if ϕ(v 0 ) + ϕ(v 1 ) = 0 then ω = 0, and otherwise
and since ϕ(v) = ϕ(v 0 ) + ϕ(v 1 ), this proves the statement.
Corollary 5.4. Using the same setting as Proposition 5.2, write
Then for every nonzero v 1 ∈ V 1 , assuming ω 0, we have
Proof. The vector space V 1 decomposes as V 
By Lemma 5.1 ( f ) we have
Corollary 5.5. Using the same setting as Proposition 5.2, let ℓ be an integer between 1 and n. Write
Then for every nonzero v ∈ W, assuming ω 0, there exist β
Proof. The vector space W decomposes as W n ⊕ W n−1 ⊕ · · · ⊕ W ℓ such that for each k between ℓ and n,
Let v be a nonzero vector in W. Then v can be written accordingly as v = v n + · · · + v ℓ where each v k belongs to W k . For each k ∈ {ℓ, . . . , n}, by the previous lemma
Then by Proposition 5.1 (e) we can change the last term to be
at the cost of possibly changing the slots ℓ to n − 1. Proof. Follows Theorem 6.1 and the identification of quadratic Pfister forms with decomposable differential forms appearing in [Kat82] .
By the identification of octonion algebras with their 3-fold Pfister norm forms ([KMRT98, Theorem 33.19]), we conclude that if three octonion F-algebras share a biquadratic purely inseparable field extension of F then they also share a quaternion subalgebra. (Recall that when char(F) = 2, an octonion algebra A over F is of the form Q + Qz where Q = [α, β) 2,F is a quaternion algebra, z 2 = γ and zℓ = ℓ σ z for every ℓ ∈ Q where σ is the canonical involution on Q, α ∈ F and β, γ ∈ F × . In particular, when A is a division algebra, F[ √ β, √ γ] is a subfield of A and a biquadratic purely inseparable field extension of F.)
It is not known to the authors if the sizes of the collections mentioned in Theorem 6.1 are sharp in the sense that larger collections of inseparably n-linked differential forms in H n+1 p (F) need not be separably ℓ-linked. Even the very special case of three inseparably linked quaternion algebras would be very interesting, in either direction. 
